We consider a general Wigner function for a particle confined to a finite interval and subject to Dirichlet boundary conditions. We derive the boundary corrections to the "star-genvalue" equation and to the time evolution equation. These corrections can be cast in the form of a boundary potential contributing to the total Hamiltonian. Moreover, in this context, it is the boundary potential that is responsible for the discretization of the energy levels as is illustrated by the example of the free particle in the infinite potential well. Finally, using the Weyl map we show that the boundary potentials can be obtained directly from standard operator quantum mechanics. * ndias@mercury.ubi.pt † mat@ulusofona.pt
Introduction
The Moyal-Wigner-Weyl quantization constitutes a phase space quantization method alternative to canonical or path integral quantizations, [1] - [9] . Instead of wave functions and operators one deals with quasi-distribution (Wigner) functions and ordinary c-functions in phase-space. The Weyl-symbol associated with a general operatorÂ(x,p) is given by, [1, 4] :
In this framework the average ofÂ(x,p; t) is evaluated according to the formula: < ψ|Â(x,p; t)|ψ >= +∞ −∞ dx +∞ −∞ dpA W (x, p; 0)F W (x, p; t), where F W (x, p; 0) is the Weyl-symbol of the quantum density matrix,ρ, also known as the Wigner function of the system, [2] . For a pure state,ρ = |ψ >< ψ|, the Wigner function can be shown to be of the form:
where ψ(x; t) is the solution of Schrödinger's equation: ih ∂ψ ∂t (x; t) =Ĥψ(x; t). The Weyl "transform" establishes a biunivocal correspondence between the quantum algebraÂ of observables with standard operator product · and quantum commutator [, ], on the one hand, and the "classical" algebra A defined over the classical phase space T * M with a "star-product" * and a Moyal sine-bracket [, ] − M , on the other hand. These two last operations are given by, [3, 10] :
One realizes immediately that in the limith → 0, the star-product and the Moyal bracket become the ordinary product of c-numbers and the Poisson bracket, respectively.
It is also easy to check that the dynamics of the Wigner function is governed by the Moyal bracket (4):
where H W (x, p) is the Weyl symbol of the quantum Hamiltonian,Ĥ(x,p). If the time-independent wave function happens to be an energy eigenstate with eigenvalue E, i.e.Ĥψ(x) = Eψ(x), then [11, 12] the Wigner function F W (x, p) satisfies an equivalent * -genvalue equation with identical * -genvalue:
In this context there seems to be lacking a similar treatment for systems with boundaries. These are much more realistic models and moreover they entail a discretization of observables' spectra, which is one of the cornerstones of quantum mechanics. The purpose of this letter is to generalize eqs. (5) and (6) when the wave function is confined to an interval with Dirichlet boundary conditions. In section 2, we evaluate the boundary corrections to the * -genvalue equation (6) and to the time evolution equation (5) , and argue that the results obtained are compatible with the preservation of the Wigner function's normalization under time evolution. Finally, in section 3 we show that equivalent results can be obtained, via the Weyl map, from the standard quantum operator description of the same system.
Wigner function in a finite interval
Let us assume that the domain of the wave function is the finite interval a ≤ x ≤ b with a < b. The wave function satisfies Dirichlet boundary conditions at the two extremes: ψ(a) = ψ * (a) = ψ(b) = ψ * (b) = 0. Given the definition (2) of the Wigner function it is more suitable, under these circumstances, to define F W piecewise:
Heaviside's step function, θ(x) is introduced to make the confinement of the wave function to the interval (a, b) more explicit, but also to ensure that all the boundary contributions are included in all subsequent calculations.
Notice that the Wigner function defined in this fashion (eq. (7)) is continuous at x 0 . Another important fact, that can be read from eq. (7), is that the Wigner function always satisfies Dirichlet's boundary conditions irrespective of the particular boundary condition satisfied by the corresponding wave-function, i.e.:
Let us now assume that ψ(x) is an energy-eigenstate for a Hamiltonian of the form:Ĥ(x,p) =
on the left-hand side of eq. (6), we conclude, after a few integrations by parts, [11] , that eq.(6) is incomplete:
The extra term B D 1 (x, p) is a boundary correction given by:
where the prime stands for derivation with respect to the argument. Let us now attempt to express B D 1 (x, p) in terms of the Wigner function F W 1 (x, p). Consider the following integral:
In particular for a wave function satisfying a Dirichlet boundary condition, we conclude that:
It is straightforward to obtain from eq.(10):
. Let us now try to cast this expression in terms of * -products:
Substituting (12) in (9, 10) yields
The corresponding result for F W 2 is:
Conversely, if a Wigner function satisfies eq.(9) with B D 1 (x, p) given by eq.(10), we can easily infer that the corresponding wave function must satisfy the Dirichlet boundary condition. In summary, we conclude that the source of discretization of the energy spectrum are not the Dirichlet conditions satisfied by the Wigner function (eq.(8)), but rather the particular boundary correction (9) to the * -genvalue equation. However, eq.(8) and continuity at x 0 are the minimum prerequisites imposed on the Wigner function. These requirements are in fact necessary to ensure the conservation of probability, [13] .
The simplest example is the free particle in a box of length L, with a = −b = −L/2 and Dirichlet boundary conditions. Let us choose as Ansatz:
corresponding to the wave-function ψ(x) = α sin(kx + β). This function is continuous at x 0 = 0 and satisfies Dirichlet's condition at x = ± L 2 , in accordance with (8) . If we substitute this expression in the * -genvalue equations for F W 1 and F W 2 using the integral form Λ (eq.(11)), we obtain:
Finally, if we impose the normalization b a dx +∞ −∞ dpF W (x, p) = 1, we obtain α = 2/L. This result is in perfect agreement with ref. [5] .
It is not very hard to obtain the boundary corrections to the time evolution equation. It turns out that:
where H D 1 (x, p) is given by eq. (13) . Similarly, for F W 2 we get:
with H D 2 (x, p) given by eq. (14) . As for the normalization of the Wigner function, it is straightforward to show that, provided it satisfies the Dirichlet conditions (8) and is continuous at x = x 0 , then [13] :
The normalization is thus preserved for all times.
Weyl transform of the standard quantum description
The second quantization formalism renders the derivation of the boundary contributions more explicit. In this approach the one-particle wave function in one dimension is given by:
where the fieldψ(x) satisfies the commutation rules:
and the boundary conditions:ψ(a) =ψ(b) =ψ † (a) =ψ † (b) = 0. The vacuum state is such that ψ(x)|0 >= 0. The second quantized Hamiltonian is given by:
If |χ > is an energy-eigenstate, thenĤ|χ >= E|χ >. The aim is now to obtain the equivalent first quantization Schrödinger equation for χ(x). From (20), (21) and (22), one obtains after a few integrations by parts and taking into account the "surface" terms:
We hence get the first quantized Hamiltonian in the position representation:
The Weyl symbols ofĤ 1 andĤ 2 are H D 1 (13) and H D 2 (14), respectively. It is easy to check that the boundary potentials are equivalent to imposing Dirichlet boundary conditions. For instance, if we solve the equation,
on the whole line and then truncate the solution to the finite interval −L/2 ≤ x ≤ L/2, the result is χ(x) = α sin(kx + β) with k and β given by eq.(16).
Conclusions
Let us restate our results. We have evaluated the contributions of the boundaries to the * -genvalue equation (6) and to the time evolution equation (5) for a wave function satisfying Dirichlet boundary conditions. The Wigner function itself always obeys a Dirichlet boundary condition irrespective of the particular boundary condition satisfied by the wave function. However, these will leave their imprint in the form of a boundary potential added to the Hamiltonian. These boundary potentials are responsible for the discretization of the energy levels and compatible with probability conservation. Finally, we argued that the same Hamiltonian can be obtained from the Weyl map of the first quantized Hamiltonian acting on the wave function χ(x) (23), (24). One is tempted to think that the boundary-value problem in the Wigner formalism reduces to finding a dynamical boundary potential for the Schrödinger equation (playing the rôle of the boundary condition) and then performing the Weyl transform of this potential. In the wave function/operator formalism both possibilities are available, whereas in the Wigner formalism only the boundary potential scheme is allowed, since the Wigner function's boundary conditions are always a priori determined, eq.(8). However, for more general boundary conditions, the simple method of findingĤ 1 andĤ 2 (24), does not seem to be as straightforward, [13] .
The procedure described in this work can be generalized to any * -genvalue equation of the form A W (x, p) * F W a (x, p) = aF W a (x, p), associated with the eigenvalue equation:Â(x,p)ψ a (x) = aψ a (x), [12] . All the results presented in this letter will be derived in more detail elsewhere [13] and extended to more general boundary conditions. Furthermore, they can be applied to higher-dimensional multiparticle systems.
